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Numerical simulation of forced convection heat transfer from a cylin
with high conductivity radial fins in cross-flow
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Abstract

The problem of cross-flow forced convection heat transfer from a horizontal cylinder with multiple equally spaced high conductivi
fins on its outer surface was investigated numerically. The effect of several combinations of number of fins and fin height on th
Nusselt number was studied over the range of Reynolds number (1–200). The results showed that there was an optimum numb
obtain the maximum Nusselt number for a given value of fin height and Reynolds number. Short fins(H � 0.1) slightly decreased the Nusse
number. A large number of long fins reduced the Nusselt number at the top range of Reynolds number studied.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Laminar forced convection across a heated cylinder i
important problem in heat transfer. It is used to simulat
wide range of engineering applications as well as prov
a better insight into more complex systems of heat tran
Accurate knowledge of the convection heat transfer aro
circular cylinders is important in many fields, including he
exchangers, hot water and steam pipes, heaters, refri
tors and electrical conductors. Because of its industrial
portance, this class of heat transfer has been the subje
many experimental and analytical studies. Though a lo
work has been done in this area, it is still remains the sub
of many investigations. Recent economic and environme
concerns have raised the interest in methods of increasi
reducing the convection heat transfer, depending on the
plication, from a horizontal cylinder. Researchers conti
to look for new methods of heat transfer control. The
of porous materials to alter the heat transfer characteri
has been reported by several researchers including Vafa
Huang [1], Al-Nimr and Alkam [2], and Abu-Hijleh [3].

This paper presents the numerical results of using h
conductivity fins on the cylinder’s outer surface in order
enhance the forced convection heat transfer from a cylin
in cross-flow. The fluid under consideration is air. T
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numerical solution of the elliptic momentum and ene
equations was performed using the stream function-vort
method on a stretched grid [4]. This detailed study inclu
varying the Reynolds number from 1 to 200, number of fi
from 0 to 18, and the non-dimensional fin height from 0
to 3.

2. Mathematical analysis

The steady-state equations for 2-D laminar forced c
vection over a horizontal cylinder are given by:
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Nomenclature

D cylinder diameter,= 2ro m
E parameter in computational domain,= πeπξ

F number of equally spaced fins
g gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m·s−2

H non-dimensional fin height,= hF /ro
h local convection heat transfer

coefficient . . . . . . . . . . . . . . . . . . . . . . W·m−2K−1

hF fin height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
k conduction heat transfer

coefficient . . . . . . . . . . . . . . . . . . . . . W·m−1·K−1

M number of grid points in the tangential direction
N number of grid points in the radial direction
NuD local Nusselt number based on cylinder diameter
NuD average Nusselt number based on cylinder

diameter, no fins
NuD,F average Nusselt number based on cylinder

diameter, cylinder withF number of fins
P non-dimensional pressure
p pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Pr Prandtl number
R non-dimensional radius
r radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Re Reynolds number based on cylinder radius,

=U∞ro/ν

ReD Reynolds number based on cylinder diameter,
U∞D/ν = 2Re

T temperature
U non-dimensional radial velocity
U∞ incoming free stream velocity . . . . . . . . . . m·s−1

u radial velocity . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

V non-dimensional tangential velocity
v tangential velocity . . . . . . . . . . . . . . . . . . . . m·s−1

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β coefficient of thermal expansion . . . . . . . . . K−1

ε measure of convergence of numerical results
η independent parameter in computational domai

representing tangential direction
θ angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . degrees
ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ξ independent parameter in computational domai
representing radial direction

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

φ non-dimensional temperature
ψ stream function
ω vorticity function

Subscripts

D value based on cylinder diameter
o value at cylinder surface
∞ free stream value
di-
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Eqs. (1)–(4) are subject to the following boundary con
tions:

(1) On the cylinder surface, i.e.,r = ro, u = v = 0, and
T = To.

(2) Far-stream from the cylinder, i.e.,r → ∞, u →
U∞ cos(θ), andv → −U∞ sin(θ). As for the tempera
ture, the far-stream boundary condition is divided in
an outflow (θ � 90 degrees) and an inflow (θ > 90
degrees) regions, Fig. 1. The far-stream tempera
boundary conditions areT = T∞ and∂T /∂r = 0 for the
inflow and outflow regions, respectively.

(3) Plane of symmetry;θ = 0 andθ = 180 degrees;v = 0
and∂u/∂θ = ∂T /∂θ = 0.

(4) On the fin surface;u= v = 0. Since the fins are assum
to be very thin and of very high conductivity, th
temperature at any point along the fin will be that
the cylinder surface, i.e.,TF = To. The fins are equally
spaced around the perimeter of the cylinder. No
were placed at the horizontal line of symmetry, i.e.
θ = 0 and 180 degrees, see Fig 2.
The local Nusselt number, based on diameter, on the cyli
surface is given by:

NuD(θ)= Dh(θ)

k
= − D

(To − T∞)
∂T (ro, θ)

∂r
(5)

The local Nusselt number at fin, based on diamete
given by:

Nuf,D(θ)=
hF∫
ro

− D

(To − T∞)

1

r

[
∂T (r, θ)

∂r

∣∣∣
top

+ ∂T (r, θ)

∂r

∣∣∣
bottom

]
dr (6)

The following non-dimensional groups are introduced:

Fig. 1. Schematic diagram of the cylinder with equally spaced fins.
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Fig. 2. Schematic diagram of the computational grid in the physical (left) and computational (right) domains.
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R ≡ r

ro
, U ≡ u

U∞
, V ≡ v

U∞

φ ≡ (T − T∞)

(To − T∞)
, P ≡ (p− p∞)

1
2ρU

2∞
Using the stream function—vorticity formulation, th

non-dimensional form of Eqs. (1)–(4) are given by [4]:

ω= ∇2ψ (7)
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The new non-dimensional boundary conditions for Eqs. (
(9) are given by:

(1) On the cylinder surface, i.e.,R = 1.0,ψ = ∂ψ/∂R = 0,
ω = ∂2ψ/∂R2, andφ = 1.0.

(2) Far-stream from the cylinder, i.e.,R → ∞, (∂ψ/∂R)=
sin(θ), and (1/R)(∂ψ/∂θ) = cos(θ). For the non-di-
mensional temperature,φ = 0 and∂φ/∂R = 0, for the
inflow and outflow regions, respectively.

(3) Plane of symmetry;ψ = ω = ∂φ/∂θ = 0.
(4) On the fin surface;ψ = 0, ω = (1/R2)(∂2ψ/∂θ2), and

φij = 1.0.

In order to accurately resolve the boundary layer aro
the cylinder, a grid with small radial spacing is require
It is not practical to use this small spacing as we move
the far-stream boundary. Thus a stretched grid in the ra
direction is needed [4]. This will result in unequally spac
nodes and would require the use of more complicated an
less accurate finite difference formulas. To overcome
problem, the unequally spaced grid in the physical dom
(R, θ) is transformed into an equally spaced grid in
computational domain(ξ, η) [4], Fig. 2. The two domains
are related as follows:

R = eπξ , θ = πη (11)
Fig. 3. Comparison of the local Nusselt number for the case of a sm
cylinder. The equations’ numbers are from their respective references

Eqs. (7)–(9) along with the corresponding boundary con
tions need to be transformed into the computational dom
In the new computational domain, the current problem w
be given by:

ω= 1
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where

E = πeπξ (15)

The transformed boundary conditions are given by:

(1) On the cylinder surface, i.e.,ξ = 0, ψ = ∂ψ/∂ξ = 0,
ω= (1/π2)(∂2ψ/∂ξ2), andφ = 1.0.

(2) Far-stream from the cylinder, i.e.,ξ → ∞, ∂ψ/∂ξ =
E sin(θ). In the inflow region;ω = 0 andφ = 0. In the
outflow region;∂ω/∂ξ = 0 and∂φ/∂ξ = 0.

(3) Plane of symmetry; i.e.,η = 0 andη = 1, ψ = ω =
∂φ/∂η= 0.

(4) On the fin surface;ψ = 0, ω = (1/E2)(∂2ψ/∂η2), and
φij = 1.0.
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The system of elliptic PDEs given by Eqs. (12)–(1
along with the corresponding boundary conditions w
discretized using the finite difference method. The resul
system of algebraic equations was solved using the hy
scheme [5]. Such a method proved to be numerically st
for convection-diffusion problems. The finite differen
form of the equations was checked for consistency w
the original PDEs [5]. The iterative solution procedu

Fig. 4. Normalized average Nusselt number as a function of the numb
fins at different combinations of fin height andReD .
Fig. 5. Distribution of the local Nusselt number along the cylinder for
case ofReD = 20,F = 3, andH = 0.00 (smooth cylinder, no fins), 0.05
0.15, 0.35, 1.50.

Fig. 6. Ratio of heat transfer from the cylinder surface, excluding the
to the total heat transfer from the cylinder at selective values of Reyn
number.
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Fig. 7. Streamline (left) and isothermal (right) contours atReD = 5,H = 3.00, andF = 0 (smooth cylinder, no fins), 1, 3, 5, 12.
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was carried out until the error in all solution variabl
(ψ,ω,φ) became less than a predefined error level(ε).
Other predefined parameters needed for the solution me
included the placement of the far-stream boundary cond
(R∞) and the number of grid points in both radial a
tangential directions,N and M, respectively. Extensiv
testing was carried out in order to determine the effec
each of these parameters on the solution. This was d
to ensure that the solution obtained was independen
and not tainted by the predefined value of each of th
parameters. The testing included varying the value oε
from 10−3 to 10−6, R∞ from 5 to 50,N from 100 to
200, andM from 120 to 200. The results reported here
are based on the following combination:N = 150−163,
M = 169−180,R∞ = 15, andε = 10−5. Increasing any o
these parameters resulted in minimal change(� 1%) in the
computed Nusselt number. The variation in the numbe
grid points in the radial and tangential directions depen
on fin number and fin height. The variation was to ens
that all fins coincided with one of the grid’s radial lin
and that the fins’ end coincided with one of the gri
tangential lines, see Fig. 2. The current gird resolution
better than most grid resolutions used in published stu
of natural [6], forced convection from a heated cylinder [
and mixed convection at different angles of attack [8]. T
large number of grid points in the tangential direction(M)
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Fig. 8. Normalized average Nusselt number as a function of fin heigh
different number of fins and at different values of Reynolds number.

was to ensure that there were sufficient grid points betw
the fins to properly resolve the flow between the fins, e
when using 18 fins. In comparison, the use of 60 point
the tangential direction would have been sufficient to reso
the flow around a smooth cylinder [8]. Fig. 3 shows ve
good agreement between the profiles of the average Nu
number calculated by the current code and the several re
lt
s

reported in the literature [7–10], for the case of a smo
cylinder with no fins.

3. Results

The effect of fins on the forced cross-flow heat trans
from a horizontal isothermal cylinder was studied for seve
combinations of number of fins(F = 1, 3, 5, 8, 12, 18)
non-dimensional fin height(H = 0.05, 0.15, 0.35, 0.75, 1.5
3.0), and Reynolds number(ReD = 1, 5, 10, 20, 40, 70, 100
150, 200). The change in the average Nusselt number
a given value of Reynolds number, due to the addition
Ff in(s)(NuD,F ) was normalized by the Nusselt number
a smooth cylinder, no fins, at the same Reynolds num
(NuD). This was done in order to focus on the relative eff
of adding the fins.

Fig. 4 shows the change in the normalized aver
Nusselt number as a function of number of fins at differ
values of fin height and selected Reynolds number.
change in the value of the normalized average Nus
number ranged from –10% to 145% depending on
number and height of the fins employed as well as the v
of the Reynolds number. A small number of short fins ten
to reduce the heat transfer from the cylinder. The addi
of fins results in a reduction in the velocity of the air flo
around the cylinder in the neighborhood of the fins. T
in turn reduces the heat transfer from the cylinder surfa
The extra heat transfer from the excess area gained d
the addition of these small fins did not compensate for
loss in the heat transfer from the cylinder surface resul
in a net reduction in the normalized average Nusselt num
from the cylinder. When long fins are employed, the ex
heat transfer from the much enlarged surface area more
compensates for the reduction in the heat transfer from
cylinder surface resulting in an increase in the normali
average Nusselt number. This can be seen clearly in F
which shows the local Nusselt number distribution along
cylinder for the case ofReD = 20, F = 3, andH = 0.00
(smooth cylinder, no fins), 0.05, 0.15, 0.35, 1.50. At long
heights, the heat transfer is predominantly from the fins w
minimal contribution from the cylinder surface. This can
seen in Fig. 6 which shows the ratio of heat transfer from
cylinder surface, excluding the fins, to the total heat tran
from the cylinder at selective values of Reynolds num
An interesting feature from Fig. 6 is that the trend of t
relative contribution of the cylinder surface area to the to
heat transfer was almost universal, irrespective of the v
of the Reynolds number.

Another observation from Fig. 4 is that there is an op
mal number of fins for maximum increase in the normaliz
average Nusselt number, beyond which the addition of
tra fins does not result in any enhancement of the con
tion heat transfer from the cylinder. Fig. 7 shows the stre
line (left) and isothermal (right) contours for the case
ReD = 5, H = 3.0, andF = 0 (smooth cylinder, no fins)
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Fig. 9. Streamline (left) and isothermal (right) contours for the caseReD = 150,H = 3.00, andF = 0 (smooth cylinder, no fins), 1, 3, 8, 18.
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1, 3, 5, 12. Form this figure, we can see that the fins fo
pockets of stagnant air between them. These pockets
ally act as a buffer between the hot cylinder surface and
cold cross-flow air. The only active heat transfer area fo
the fin equipped cylinder is the top of the fins. As the nu
ber of fins increases, the buffer region between the fins
creases. The increase in the number of fins is countere
a reduction in the active area per fin resulting in minim
or as will be shown later a negative, change in the net
transfer from the cylinder and resulting normalized aver
Nusselt number. This can be seen clearly from the last
fin combinations in Fig. 7.

Fig. 8 shows the change of the normalized aver
Nusselt number as a function of fin height for differe
-
number of fins and at selected values of Reynolds num
The reduction in the normalized average Nusselt num
due to short fins noted earlier in Figs. 4 and 5 is clea
visible in this figure. Fig. 8 also reveals another interes
trend. As the Reynolds number increases and when u
long fins, a smaller number of fins is actually better
terms of dissipating heat from the cylinder than a lar
number of similar fins. Fig. 9 shows the streamlines (l
and isothermal (right) contours for the caseReD = 150,
H = 3.00, andF = 0 (smooth cylinder, no fins), 1, 3, 8
18. The large increase in the size of the stagnant air po
due to the increase in the number of the long fins is cle
visible.
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4. Conclusions

The problem of cross-flow forced convection heat tra
fer from an isothermal horizontal cylinder with high condu
tivity equally spaced fins was studied numerically. Chan
in the normalized average Nusselt number at different c
binations of number of fins, fin height, and Reynolds nu
ber were reported. There was an optimum number of
for maximum Nusselt number. Using more fins than the
timum number resulted in a reduction in Nusselt numb
This number was fin height and Reynolds number dep
dent. Short fins slightly decreased the Nusselt number a
values of Reynolds number.
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